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Functional analysis
 Main topic, functional spaces: topological vector spaces (tvs)
and, more speciﬁcally, locally convex spaces (lcs).
 Important to compare structures of tvs: linear maps,
continuous maps, etc.
 Isomorphism: a bijective map between 2 tvs, which is linear
and continuous and has a continuous inverse.
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Isomorphic... or not?
Let E and F be 2 tvs.
 E ∼= F? "Enough" to ﬁnd an isomorphism...
 E  F? Not clear!
 (linear) topological invariant: a property which is preserved
by isomorphisms.
Examples
 dimension in vector spaces;
 being Hausdorﬀ or not in topological spaces;
 ... and the diametral dimension for tvs!
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Kolmogorov's diameters
Let E be a (C -)vector space, n ∈ N0, and U,V ⊆ E and µ > 0 be
s.t. V ⊆ µU.
Deﬁnition
The n-th Kolmogorov's diameter of V with respect to U is
δn(V ,U) := inf {δ > 0 : ∃F ⊆ E , dimF ≤ n, s.t. V ⊆ δU + F} .
Some properties
 0 ≤ δn+1(V ,U) ≤ δn(V ,U) ≤ µ;
 if V0 ⊆ V ⊆ U ⊆ U0, then δn(V0,U0) ≤ δn(V ,U);
 if T : E → F is linear, δn(T (V ),T (U)) ≤ δn(V ,U).
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Diametral dimension
Let E be a tvs and let U be a basis of 0-neighbourhoods in E .
Deﬁnition
The diametral dimension of E is
∆(E ) :=
{




If F is another tvs and if there exists a linear, continuous and open
map T : E → F , then ∆(E ) ⊆ ∆(F ).
Theorem
The diametral dimension is a topological invariant (if E ∼= F ,
then ∆(E ) = ∆(F )).
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Examples
Some reminders
 A seminorm on E is a map p : E → [0,∞) s.t.
1. ∀x , y ∈ E , p(x + y) ≤ p(x) + p(y);
2. ∀x ∈ E , ∀λ ∈ C, p(λx) = |λ|p(x).
(It is a norm if, moreover, p(x) = 0⇒ x = 0).
 E is a locally convex space (lcs) if there exists in E a basis of
0-neighbourhoods made of (unit) balls of seminorms.
Examples: holomorphic functions












ξ ∈ CN0 : ξne−nk → 0
} } ⇒ H(D)  H(C)
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Another diametral dimension...
Deﬁnition
A subset B of a tvs E is bounded if, for every 0-neighbourhood U,
there is a µ > 0 s.t. B ⊆ µU.
Deﬁnition
If E is a tvs/lcs and U a 0-neighbourhood basis,
∆b(E ) :=
{




∆(E ) ⊆ ∆b(E ).
Question
∆(E )=∆b(E ) for lcs ???
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ξ ∈ CN0 : ∀U ∈ U , ∃V ∈ U ,C > 0 s.t. |ξn|δn(V ,U) ≤ C
}
.
Theorem (2016, L.D., L. Frerick, J. Wengenroth)
If E is a Schwartz metrizable lcs s.t. ∆(E ) = ∆∞(E ), then
∆(E ) = ∆b(E ).
 E is Schwartz if ∀U ∈ U , ∃V ∈ U s.t. ∀ε > 0, ∃F a ﬁnite
part of E s.t. V ⊆ εU + F .
 A lcs E is metrizable iﬀ it is Hausdorﬀ and its topology can
be deﬁned by a countable family of seminorms.
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A partial answer
Which lcs verify ∆(E ) = ∆∞(E )?
 hilbertizable metrizable Schwartz lcs (2016, L.D., L. Frerick, J.
Wengenroth);
 classical sequence spaces (Köthe-Schwartz sequence spaces)
(2017, F. Bastin, L.D.).
Warning!
There exist Schwartz non-metrizable lcs E with ∆(E ) ( ∆b(E )
(2017, F. Bastin, L.D.).
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 Prominent bounded sets (2013, T. Terzioglu)
A bounded B set of E is prominent if ∀U ∈ U , ∃V ∈ U ,C > 0 s.t.
δn(V ,U) ≤ Cδn(B,V ) ∀n ∈ N0.
If E has a prominent set, then ∆(E ) = ∆b(E ).
Spaces with prominent sets (2016, L.D., L.F., J. W.)




: if U = (Uk)k∈N,
∀m, ∃k ,∀j ,∃C > 0 : Uk ⊆ rUj + C
r
Um ∀r > 0.
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Applications of this theory?
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Thank you for your attention!
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